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Introduction 
In crystalline materials, a grain is a homogeneous region that is composed of a single layer of crystal. The 
presence of crystal defects such as particle dislocation, grain deformation, and grain boundary has 
unfavorable in�uences on macro-scale properties of the materials. To automatically detect these structures in 
atomic-scale 2D crystal images, many methods are developed in the literature. 

Objective
• Explore properties of the lattice metric space [6] in 
the context of grain boundary detection.  This 
includes sensitivity of the lattice metric near the 
subspace of hexagonal lattices.

• Propose an ef�cient algorithm to detect grain 
deformation based on the lattice metric space. The 
method is independent of Bravais lattice types.

Particles with the same color 
follow same lattice pattern. 
Grain boundaries (GBs) are 
revealed automatically.

PFC or HAADF-STEM images 
adapted from [1-5] in order. All 
images present grain 
boundaries and other defects. 

Hexagonal lattice; one regular GB

Hexagonal lattice; two curved GBs

Rectangular lattice; one irregular GB

Hexagonal lattice; multiple GBs

Lattice distance from the lattice pattern near the red particle to those 
near others. The darker the color, the closer the pattern in the lattice 
metric space.

Results

Lattice Clustering Algorithm (LCA)

We compute the distance between a �xed 
hexagonal lattice and another with different side 
length (x-axis). When w increases, the metric 
becomes more sensitive to scale differences, thus 
the corresponding slope increases.

Scale Descriptor

Shape Descriptor

Sensitivity weight

Adjust the sensitivity to 
disorientation vs. scale differences.

 There are 3 major jumps in the graph of g (left). The grain in the bottom of the middle �gure is merged with the top one when T = 0.5 
in the plateau is changed to T = 0.8 after the second jump. It is also clear that the height of each jump is proportionally related to 
the grain area.

Positive Minimal Basis
The basic representitives for the lattice class obatained via the Gauss Reduc-
tion Algorithm [7]. This is further transformed into descriptors.

(b1, b2) ∈ C2

Geodesic curves in the space of equivalent descriptors

Quotient

The lattice metric is an effective indicator of 
misorientation between hexagonal lattices (∆  
    = 0, and equivalently ∆   = 60°). The two 
global minima of the red curve shows 
non-uniqueness of Riemannian center of mass.

ρ ρ

Input Image Extract Bases

Choose Threshold Cluster Centers in Lattice Space

(Re(βN ), Im(βN ),Re(ρN ), Im(ρN ))

...

(Re(β1), Im(β1),Re(ρ1), Im(ρ1))

Results

Regularized k-means 
Classical k-means with its random initialization causes 
unstable over-segmentation. Instead, we employ the 
regularized k-means [7] , which automatically produce 
suitable number of clusters based on cluster sizes.

Over-segmentation and Merge 
Clustering descriptors in Euclidean space yields 
over-segmentation. This strategy combines the ef�ciency of 
pair-wise Euclidean distance computation and the precision of 
the dissimilarity meaure of the lattice metric.

Threshold Choice 
In order for the merging to be stable and substantial, we pick optional thresholds T in the intervals upon which the graph of the 
gain function is �at and the previous discontinuity has high jump. 

Hexagonal lattice; one irregular GB

Gain function number of particles in the cluster

The high symmetry of the blue curve resonates 
with the high symmetry of hexagonal lattices. 
With different            , lattices to be compared 
are not of the same type, and the lattice metric 
provides systematic measurement.

Arg ρ

Cluster Descriptors in R4

Lattice Metric De�nition

0 ≤ w ≤ 1

Summary
In this work, we use the new de�nition of descriptor representation and a novel metric 
space to identify grain boundary. This framework identi�es visual differences among 
lattice patterns more systematically.  Our algorithm provides stable results ef�ciently 
with accessible choice of parameters.

Distance?

Challenges
• Unique basis representations
• Well-de�ned distance between patterns

Positive minimal basis

Lattice Metric Space

Modular Group Theory
Equivalence relations among descriptors can be clearly expressed by funda-
mental regions of modular group actions.

Poincaré Metric
On the space of shape descriptors, the Poincaré metric becomes a natural 
choice. The lattice metric is then de�ned by canonical metric extensions.
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